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We discuss the possibility that dark matter is made of a new complex massive vector field with
a global U(1)-symmetry. The field interacts with the Standard Model via coupling to the gauge
field of the hypercharge group. We study classical homogeneous configurations arising in the theory.
Some of these configurations include magnetic components of the Standard Model electromagnetic
field tensor. This opens a possibility to relate the origin of possible primordial magnetic fields to
the cosmological evolution of vector dark matter condensates composed of magnetic bosons.
I. INTRODUCTION
The nature of dark matter remains elusive. For a long
time, the most promising dark matter (DM) candidate
was a weakly-interacting massive particle (WIMP) aris-
ing naturally in supersymmetric extensions of the Stan-
dard Model (SM). Recently, the WIMP-paradigm has
come in tension with observations and experiment [1]. On
the one hand, refinement in cosmological measurements
has challenged the ΛCDM model of dark matter and dark
energy at galactic scales. On the other hand, DM di-
rect detection experiments have failed to find a WIMP
particle with standard mass and cross-section. Finally,
no signatures of new physics such as supersymmetry has
been discovered at the LHC.
There is a variety of proposals alternative to WIMPs,
which explore different mass ranges and/or different
forms of coupling between the DM and SM sectors. For
example, considering particles with very light masses
gives rise to fuzzy dark matter [2, 3]. It suggests that
DM is in the form of not a dilute gas of particles but
rather of a coherent oscillating condensate of them. Both
scalar and vector particles were proposed as a constituent
of the condensate.1 From the theory viewpoint, very
small masses can be naturally associated with axions and
axion-like particles [7]. Next, exploring various possible
interactions between DM and SM fields leads, e.g., to the
Higgs-portal models [8]. Models of millicharged [9, 10]
and axion-like particles allow for electromagnetic inter-
action of DM via the kinetic mixing of dark and visible
photons. Another interesting option is to allow the direct
coupling of DM particles to the electromagnetic field of
the SM. Such a coupling opens new possibilities for direct
detection by exploiting electric or magnetic moments of
DM particles [11].
In this paper, we discuss an extension of the SM by
a complex massive vector field Vµ in which the ideas of
coherently oscillating and electromagnetically interacting
DM field merge. The synthesis is achieved by introduc-
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1 For recent studies of vector coherent dark matter see, e.g., [4–6].
ing a cubic coupling of Vµ to the gauge field of the hy-
percharge group of the SM. The new vector is a singlet
under the SM symmetry group, and the interaction be-
tween the vector and the hypercharge fields is invariant
under the gauge U(1)Y -group and also under a global
U(1)-group associated with Vµ. The theory contains a
variety of classical homogeneous solutions of equations
of motion – condensates. We argue that such solutions
may represent DM at different stages of evolution of the
Universe. The condensed V -bosons are never in thermal
equilibrium with the cosmic plasma, thus avoiding the
constraints for WIMP-like DM candidates.
A complex vector condensate is manifestly not invari-
ant under the global charge conjugation. We will be ag-
nostic about a mechanism generating the asymmetry be-
tween V -particles and antiparticles. Such a mechanism
may operate at energy scales of a UV-completion of the
V -sector of the model, which is anyway necessary to make
the latter renormalizable (see, e.g., [12]). Asymmetric
conditions for DM can be produced non-perturbatively,
e.g., during inflation [13].
A homogeneous vector condensate breaks sponta-
neously the rotational symmetry of the FRW metric.
Hence, quantum fluctuations of the homogeneous vector
field generated during inflation are subject to anisotropy
constraints (see, e.g., [14]).2 In this paper, we assume
that 40− 50 e-foldings before the end of inflation the V -
sector of the theory was in an isotropic phase so that the
condensate has not yet been formed. This assumption
is supported by the fact that the energy density of the
condensate can increase rapidly as we move backward in
time during inflation and quickly pass the cutoff above
which the vector field does not longer represent the valid
degrees of freedom.
Due to the direct coupling between the vector and the
electromagnetic fields at low energies, the model pos-
sesses classical solutions involving a homogeneous mag-
netic field. Such solutions may be relevant for cosmology
in view of evidence for large-scale intergalactic magnetic
fields, possibly of cosmological origin [15]. Primordial
2 We assume that the vector field Vµ does not dominate the energy
budget of the Universe during inflation.
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2magnetic fields may also be necessary to seed the galac-
tic dynamo mechanism [16]. Existing models of cosmo-
logical magnetogenesis mainly operate at inflationary or
post-inflationary epochs; see, e.g., [17–20] and references
therein. An interesting alternative is the late-time mag-
netogenesis which allows one to bypass constraints from
Nucleosynthesis [21]. We suggest a new mechanism of
the late-time magnetogenesis in which the large-scale ho-
mogeneous magnetic field arises as a result of classical
instability developed in a vector condensate.3 We argue
that the instability leads to a rearrangement of the vector
field due to which the magnetic field emerges. The time
at which the rearrangement occurs depends on the mass
of the V -field and its coupling constant.4 As the Universe
expands, the interaction energy between the vector and
magnetic fields drops quickly, and the two fields become
effectively decoupled.
The paper is organized as follows. In sec. II we intro-
duce the model, write conserved currents and equations
of motion for the vector field. In sec. III we study various
classical homogeneous configurations made of vector and
magnetic fields. In particular, we discuss their classical
stability. Sec. IV is dedicated to the discussion of a possi-
ble cosmological scenario involving these configurations.
In sec. V we conclude.
II. SETUP
A. Lagrangian of the model
Consider a theory of the complex massive vector field
Vµ. The Lagrangian of the theory is invariant under the
global U(1)-group. This ensures stability of classical so-
lutions against decay into free quanta of the vector field.
Denote
Wµν = V
∗
µ Vν − VµV ∗ν . (1)
The current
JµT = i∂νW
µν (2)
is manifestly conserved due to the antisymmetry of Wµν .
Thanks to this current, one can construct an invariant
interaction term between Vµ and the SM gauge field, by
circumventing the fact that Vµ itself is a singlet with
respect to the SM gauge group. Note that JµT is not
the Noether current corresponding to the global U(1)-
invariance. The Lagrangian of Vµ reads as follows:
LV = −1
2
V ∗µνV
µν +M2V ∗µ V
µ , (3)
3 In our model, the instability arises due to the interaction be-
tween the vector and electromagnetic fields and is unrelated to
the Jeans instability.
4 In this paper, we do not discuss possible cosmological signatures
of such a transition between the non-magnetic and magnetic con-
densates.
where Vµν = ∂µVν − ∂νVµ. The contraction of indices is
performed with the metric gµν . The interaction between
Vµ and the SM is written as follows:
Lint = iγ˜
2
WµνB
µν , (4)
where Bµν is the field strength of the hypercharge field.
Overall, the theory is determined by the Lagrangian
Ltot = LSM + LV + Lint . (5)
We will be interested in the low-energy limit of the the-
ory (5), characteristic for the Universe after preheating.
Hence, we will focus on the electromagnetic part of the
interaction term
Lint ⊃ LV A = iγ
2
WµνF
µν , (6)
where γ = γ˜ cos θW and F
µν is the field strength of the
electromagnetic field. Due to this term, non-relativistic
V -particles propagating in a background magnetic field
acquire the dipole magnetic moment [22, 23]
µ =
γ
2M
. (7)
On can, therefore, think of quanta of the V -field as mag-
netic bosons and of a condensate of such quanta as a
system of properly aligned magnetic dipoles interacting
via a long-range force.5
The energy scale above which the theory must be UV-
completed is estimated as [12]
Λ ∼ M√
γ
. (8)
In what follows, we will treat the Lagrangian (5) as that
of a low-energy effective theory. A particular form of the
UV-completion will not be important for our purposes.
We will only assume that a successful condensation of
V -particles into a homogeneous configuration may take
place once the energy drops below the cutoff (8). We will
see that, depending on phenomenological constraints on
M and γ, the cutoff scale can take values all the way up
to the Planck scale.
In the effective field theory approach, one should con-
sider adding to the Lagrangian (5) other interaction
terms with the dimension not greater than four. Con-
sider first the operator dual to (6):
L˜V A = iγ
2
Wµν F˜
µν , F˜µν = µνρσFρσ . (9)
Adding it would provide V -particles with the electric
dipole moment, hence the theory would admit homoge-
neous configurations with a constant electric field. These
5 See [24] for a review of properties of dipole bosonic quantum
gases.
3are not relevant for our purposes, and we discard the
term (9) by requiring the theory to be parity-invariant.
Other operators are the quartic self-interaction term of
the vector field and the coupling term between the vector
and the Higgs fields:
∝ (V ∗µ V µ)2 , ∝ H†HV ∗µ V µ . (10)
These terms are generated by perturbative quantum cor-
rections and are naturally of the order γ˜4 and (g′γ˜)2 cor-
respondingly. Hence, as long as γ˜  1, we can neglect
these operators to the leading order in γ˜ in the classical
analysis.6
To summarize, thanks to the complexity of the vector
field Vµ, our model features the single vector-photon cou-
pling term (6). It makes the model different from theories
of millicharged or axion-like particles.
B. Equations of motion and conserved currents
In what follows, we will be interested in energy scales in
the Universe which are much below the scale of restora-
tion of the Electroweak symmetry. Hence, we consider
the interaction of Vµ with the electromagnetic field only,
eq. (6). Then, the equation of motion for the vector field
and the generalization of the Maxwell equations read as
follows:
∂µV
µν +M2V ν + iγF νµVµ = 0 , (11)
∂µF
µν − iγ∂µWµν = 0 . (12)
We note that the Maxwell equations can be resolved with
the particular solution
Fµν = iγWµν + Cµν , (13)
where C is a constant and µν is the rank-two antisym-
metric tensor. C plays the role of an external magnetic
field. We consider the corresponding solution in sec.
III B, and for other solutions we assume C = 0.7 Plug-
ging (13) to (11), we obtain the equation containing the
vector field only:
∂µV
µν +M2V ν − γ2W νµVµ + iγCνµVµ = 0 . (14)
One can think of it as a result of integrating the photon
field out. We see that the coupling of Vµ to Fµν induces
the cubic self-interaction of Vµ.
6 Furthermore, the Higgs and Z-bosons provide short-range inter-
actions between V -particles, which are inessential in the discus-
sion of classical solutions.
7 A nonzero C would complicate the relation between non-
magnetic and magnetic condensates; see sec. III. Besides, it can
play an important role in the analysis of non-homogeneous solu-
tions arising in the theory (5). We leave this analysis to future
work.
The (symmetric) energy-momentum tensor corre-
sponding to the free complex vector field is
T freeµν = V
∗α
µ Vαν + V
∗α
ν Vαµ +M
2(V ∗µ Vν + V
∗
ν Vµ)
− gµν(−1
2
V ∗αβV
αβ +M2V ∗αV
α) .
(15)
It is conserved on the free equation of motion for Vµ,
since ∂µV
µ = 0 for the free theory. The interaction term
(6) leads to an additional traceless part:
T intµν = iγ(Fµ
ρWνρ + Fν
ρWµρ)− igµν γ
2
FρσW
ρσ . (16)
The full energy-momentum tensor of the theory (5) as-
sociated with the vector field is
T totµν = T
free
µν + T
int
µν . (17)
It is conserved on the full equations of motion (12), (14).
Note that for all solutions studied below, T totµν will satisfy
the weak energy condition as long as the magnetic field
strength does not exceed Λ2. This agrees with the fact
that above the cutoff the theory (5) must be modified.
Finally, the global U(1)-symmetry leads to a current
JµQ = i(V
∗µνVν − V µνV ∗ν ) , (18)
and the corresponding conserved charge Q.
C. Symmetric vs asymmetric dark matter
The theory (5) suggests two ways to look for a DM
candidate. The first way is to assume that DM is in the
form of a dilute gas containing same portions of non-
relativistic particles and antiparticles. From eq. (15) one
then concludes that such a gas behaves like pressureless
dust. In the scenario of symmetric DM, the constraint
on the coupling constant γ comes from the annihilation
process of V and anti-V to two photons. On dimensional
grounds, the cross-section of the process is estimated as
σ ∼ γ4M−2. Measurements of the diffuse gamma-ray
background then give (see, e.g., [25])8
1
γ2
M
GeV
> 10−6 . (19)
Note that this constraint is derived under the assumption
of a comparable number of particles and antiparticles.
If one violates the assumption by introducing a strong
chemical potential, then, in general, the bound on the
coupling constant is lost. However, the theory (5) allows
one to derive a different kind of bound in the asymmetric
case, by assuming that a significant portion of DM is not
8 We took the conservative estimate 〈σv〉 < 10−25cm3s−1 with
v ∼ 10−3.
4in the form of the dilute gas, but rather in the form of
a coherent condensate of V -particles. The condensate is
manifestly non-invariant under the charge conjugation,
hence the condition (19) is not applicable. The vector
condensate is the second DM candidate in the theory
(5), and in the rest of the paper we focus on exploring
its properties.
III. ZOO OF HOMOGENEOUS CONDENSATES
A. Non-magnetic condensate
We begin to study classical homogeneous configura-
tions arising in the theory (5), which involve vector
and/or magnetic fields. In this section we study solutions
in flat spacetime, and in the next section we discuss their
generalization to the FRW metric.
It is well-known that due to the long-range Coulomb
force gauge vector fields do not permit homogeneous so-
lutions. This is not the case for the global massive vector
field. Choose the following stationary Ansatz for Vµ:
V 0 = V 3 = 0 , V 1 = V 2 = ve−iMt (20)
with v a constant. It satisfies the condition ∂µV
µ = 0.
The phases of the components of Vµ are synchronized
and, as a result, Wµν = 0. Hence, the Ansatz (20) repre-
sents the non-magnetic condensate. It satisfies the equa-
tion of motion (14) at any v. The energy density and the
global charge density of the condensate are given by
ρE = T
free
00 = 2v
2M2 , ρQ = J
0
Q = 2v
2M . (21)
Note that
ρE = MρQ , (22)
hence the condensate is a coherent collection of free V -
particles. This is expected, since in the absence of the
classical electromagnetic field, Vµ is free. Below we re-
strict our consideration to the region ρE  Λ4.
Let us study linear classical stability of the solutions
(20). Since the background is homogeneous, its pertur-
bations can be decomposed into plane waves. The con-
densate is stable under perturbations of V 0 and V 3. For
the other two components we adopt the following pertur-
bation Ansatz:
δV 1 = e−iMteαt(v1eikx + u1e−ikx) , (23)
δV 2 = e−iMteαt(v2eikx + u2e−ikx) , (24)
where v1, u1, v2, u2 are complex numbers and α is real.
Note that δW 12 6= 0, hence the perturbations involve the
electromagnetic field. The linearized equations of motion
are reduced to
((α− iM)2 + k2 +M2)v1 + 2γ2v2(u∗1 − v1) = 0 , (25)
((α− iM)2 + k2 +M2)u1 + 2γ2v2(v∗1 − u1) = 0 , (26)
and v2 = −v1, u2 = −u1. This system of homogeneous
equations has a solution whenever
α2 + k2 = 2v2γ2 or α2 + k2 = 4v2γ2 . (27)
We see that the maximum value of the decay constant α is
2vγ, and the corresponding decay mode is homogeneous.
The modes with the non-zero momentum k up to |k| =
2vγ are also present in the spectrum, see the left panel of
fig. 1. We will make use of the fact that the non-magnetic
condensate prefers to decay via long-wavelength modes.
The lifetime of the condensate is estimated as
τV C ∼ 1
vγ
. (28)
B. Magnetic field
For completeness, let us consider the case when a ho-
mogeneous magnetic field is not sourced by the vector
field Vµ. This corresponds to choosing a non-zero con-
stant C ≡ −B in eq. (13), with B the magnetic field
strength. The non-zero components of the electromag-
netic field tensor are
Fij = −Bij , (i, j) = (1, 2), (2, 3), (1, 3) . (29)
One can study classical stability of the solution under
perturbations of the vector field. For example, if we take
(i, j) = (1, 2), then the relevant perturbation Ansatz is
δV 1 = eαteikxv1 , δV
2 = eαteikxv2 , (30)
and δV 0 = δV 3 = 0. The linearized equations of motion
can be solved for v1, v2 and a real α provided that
B2γ2 > M2(M2 + k2) , (31)
i.e. if
|B| > Λ2 . (32)
Thus, magnetic fields with the strength above the cut-
off are unstable, which agrees with the discussion of the
energy-momentum tensor in sec. II B. Below we require
the cutoff to exceed the Schwinger value ∼ 1 MeV. Note
finally that the theory admits linear superpositions of the
orthogonal vector and magnetic fields. For example, one
can take (i, j) = (1, 2) in eq. (29) and supplement it with
the 3rd component of Vµ, V
3 = Me−iMt.
C. Magnetic condensate
According to eq. (13), the magnetic field is induced if
Wµν 6= 0. To achieve this, we introduce a relative phase
between the components of the vector field. Take the
following Ansatz for Vµ:
V 0 = V 3 = 0 , V 1 = ve−iωt , V 2 = V 1eiϕ (33)
50 1 2 3 4
1
(a)
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FIG. 1. Decay constant α as a function of the wavelength λ of the decay mode, for the non-magnetic (a) and magnetic (b)
condensates. In the non-magnetic case, the dominant decay mode is presented.
with v, ω, ϕ constants and 0 6 ω < M . Plugging this to
the equation of motion (14) and taking C = 0 gives
(M2 − ω2)v + 2ieiϕ sinϕγ2v3 = 0 . (34)
Without loss of generality, we require the magnitude v of
the condensate to be real (it can always be made real by
applying a global U(1)-transformation). This fixes the
phase ϕ = ±pi2 . Next, introduce the parameter
 =
M2 − ω2
M2
. (35)
We will see shortly that  measures the difference be-
tween non-magnetic and magnetic condensates of the
same charge density. From eqs. (13) and (14) we have
v2 =
M2
2γ2
, B1 = B2 = 0 , B3 ≡ B = ±M
2
γ
. (36)
The sign of B is determined by the sign of ϕ. Take, for
example, ϕ = pi2 , then B > 0.
Eqs. (33), (36) represent the magnetic condensate we
look for. Note again that the magnetic field arises due
to the relative phase between the rotating components of
the vector field or, in other words, due to a certain ar-
rangement of magnetic bosons constituting the conden-
sate. The arrangement is optimal if the energy density of
the configuration is minimal, and this is achieved when
the phase shift is ±pi2 .
Let us compute the charge and energy densities of the
magnetic condensate. The former is given by
ρQ =
2ωM2
γ2
, (37)
and the latter is
ρE = MρQ + ρEM + ρint =
(4− 3)M4
2γ2
. (38)
Here
ρEM =
B2
2
, ρint = −M
42
γ2
(39)
are the energy density of the magnetic field and of the
interaction between the vector and magnetic fields, cor-
respondingly. Taking derivatives with respect to ω, we
observe that
dρE
dω
= ω
dρQ
dω
. (40)
This relation is known to hold for many types of non-
topological soliton solutions; see, e.g., [26].
In what follows, we will work in the regime of small
. It corresponds to the non-relativistic limit ω ≈ M .
From eqs. (8), (38) we see that in this regime ρE  Λ4.
Furthermore,
ρE ≈MρQ − 
2M4
2γ2
,  1 , (41)
from which we conclude that the particles forming the
magnetic condensate are in a bound state, and the free
particle limit is reproduced at  → 0. Thus, although
the magnetic field B gives the positive contribution to
ρE , the interaction energy between the fields Vµ and B
is negative and such that ρE < MρQ. In other words,
the magnetic condensate is more energetically favorable
that the non-magnetic one (cf. eq. (22)).9
Let us study linear classical stability of the magnetic
condensate with respect to perturbations of the vector
field. Perturbations of V 0 and V 3 do not affect the solu-
tion. For the other two components we adopt the follow-
ing perturbation Ansatz (cf. eqs. (23), (24)):
δV 1 = e−iωteαt(v1eikx + u1e−ikx) , (42)
δV 2 = e−iωteαt(v2eikx + u2e−ikx) , (43)
9 This conclusion is valid only at  1.
6where v1, v2, u1, u2 are complex numbers and α is real.
The linearized equations of motion become
((α− iω)2 + k2 +M2)v1 − 2γ2v2(v1 + u∗1) = 0 , (44)
((α− iω)2 + k2 +M2)u1 − 2γ2v2(u1 + v∗1) = 0 , (45)
and v2 = iv1, u2 = iu1. This system of homogeneous
equations has a solution if
α4 + 2α2(k2 + 2(1− )M2) + k4 − 2M4 = 0 , (46)
where we used eq. (36). When   1, the maximum
value of the decay constant α is α ≈ M2 , and the corre-
sponding decay mode is homogeneous. There are also
decay modes with the non-zero momentum k, up to
|k| = M√, see the right panel of fig. 1. The lifetime of
the magnetic condensate is estimated as
τMC ∼ 1
M
. (47)
D. Transition between condensates
As was mentioned above, at a given charge density,
the energy density of the magnetic condensate at  
1 is lower than that of the non-magnetic condensate.
Given this and the fact that the non-magnetic condensate
prefers to decay via long-wavelength modes, it is reason-
able to suggest that the configuration (36) results from
the classical evolution of the vector configuration (20),
which essentially amounts to developing the phase shift
between V 1 and V 2. Equating ρQ in eqs. (21) and (37),
10
we express the magnitude v of the condensate through .
Then eq. (28) gives
τV C ∼ 1
M
√

. (48)
Comparing with eq. (47), we see that the magnetic
condensate lives parametrically longer than the non-
magnetic one. Hence, the former can indeed be an inter-
mediate step of the evolution of the latter. In the next
section, we will work under this conjecture and assign to
the magnetic field emerging this way the role of the pri-
mordial magnetic field which may survive until present
time in the intergalactic medium.
The form (23), (24) of the perturbation suggests that
the 0th and 3rd components of Vµ remain undisturbed
during the transition. The resulting magnetic field can
have two different orientations depending on the sign of
10 The magnetic condensate retains the same charge density ρQ,
if the excess of energy is carried away by particle-antiparticle
pairs. Otherwise, ρQ changes by the amount O(2), and in the
non-relativistic limit we can neglect the difference. For the same
reason, we can neglect the number density of the allegedly pro-
duced V and anti-V particles.
the phase shift, see eqs. (36). It makes sense, therefore,
to speak about a correlation length `corr of the magnetic
field as an average distance at which the latter points at
the same direction. The correlation length is estimated
as a characteristic wavelength of the decay mode, hence
`corr ∼ τV C . (49)
IV. COSMOLOGICAL EVOLUTION OF
CONDENSATES
A. Condensates in the expanding Universe
In this section we study how the homogeneous solu-
tions considered above are embedded into an external
FRW metric
ds2 = dt2 − a(t)2dl2 . (50)
We will focus on the late-time dynamics of the V -field,
by assuming that the Hubble rate H is much below the
mass of the boson M . We will not consider a possible
evolution of the non-magnetic condensate preceding the
time when H  M . As discussed in sec. II, this evo-
lution may involve physics above the cutoff scale Λ, of
which we are not aware. Under the assumption that the
non-magnetic condensate has already been formed at a
time t˜, its magnitude at subsequent times scales as (see
appendix A for details)
V1,2(t) = V˜1,2
√
a˜
a(t)
e−iMt , (51)
where a˜ = a(t˜). We see that Vµ ∼ a−1/2, hence
V µ ∼ a−5/2 and V ∗µ V µ ∼ a−3. Thus, the non-magnetic
condensate behaves like pressureless dust. Straightfor-
ward calculation confirms that
ρE(t) = ρ˜E
(
a˜
a(t)
)3
. (52)
As discussed in sec. III A, the non-magnetic conden-
sate is classically unstable due to the self-interaction of
Vµ induced by the photon field. We argued that a possi-
ble outcome of the decay is a magnetic condensate of a
(slightly) lower energy density. Let t¯ be the moment of
formation of the magnetic condensate. It is convenient to
parametrize its magnitude by the parameter . The latter
can be related to the magnitude v¯ of the non-magnetic
condensate at t = t¯ by using the conservation of charge.
Namely, from eqs. (21), (37) we have
 =
γ2v¯2
M2
. (53)
At t > t¯, the vector components of the magnetic conden-
sate decrease as (see appendix A for details)
V1,2(t) = V¯1,2
√
a¯
a(t)
e−iωt , (54)
7where
V¯1 =
√
M√
2γ
, V¯2 = ±iV¯1 . (55)
Again, we see that V ∗µ V
µ ∼ a−3. Since the dominant con-
tribution to the energy density is provided by the vector
field, this shows that the mangetic condensate also be-
haves like a dust, so that
ρE,Q(t) = ρ¯E,Q
(
a¯
a(t)
)3
. (56)
On the other hand, the magnetic field strength at t > t¯
is given by
B3(t) = B¯3
a¯
a(t)
, B¯3 = ±M
2
γ
. (57)
Hence, B3 ∼ a−1, as expected for the covariant com-
ponent of magnetic field (see, e.g., [27]). Consequently,
B3 ∼ a−3 and BiBi ∼ a−4, as it should. From eqs. (48)
and (49) we see that the magnetic field is correlated at
distances
`corr(t) ∼ 1
M
√

a(t)
a¯
. (58)
Finally, from eqs. (16), (54) we obtain that the energy
density of interaction between Vµ and B scales as
ρE,int(t) = ρ¯E,int
(
a¯
a(t)
)6
. (59)
It means that soon after formation, B becomes effectively
decoupled from Vµ, and the two fields can evolve inde-
pendently.
The vector field constituting the magnetic condensate
is subject to the Jeans instability. Self-interaction does
not affect the growth of gravitational perturbations as
long as the gravitational energy stored in these pertur-
bations exceeds the energy due to the self-interaction:
Egrav ∼ δρE
ρE
ρE
∼ φM
4
γ2
( a¯
a
)3
>
M42
γ2
( a¯
a
)6
,
(60)
where φ is the gravitational potential, or
φ > 
( a¯
a
)3
. (61)
As we will see shortly, phenomenology requires  to be
very small, and the last condition can be fulfilled easily.
B. Dark matter abundance and magnetogenesis
Our goal is to demonstrate how the vector part of the
magnetic condensate can be responsible for the dark mat-
ter abundance at the same time as its magnetic part is re-
sponsible for the primordial magnetic field. Here we only
intent to provide an example of the calculation, leaving
the detailed analysis of the reliability of the suggested
mechanism to future work.
To make our discussion quantitative, we will employ
the following cosmological bounds on the magnetic field
strength. First, to explain observed galactic fields, the
lower bound on the primordial magnetic field [16] was
suggested at the time z∗ ∼ 10 of formation of first galax-
ies [28]:
B∗ & 10−30 G . (62)
On the other hand, the growing evidence for large-scale
intergalactic magnetic fields inferring from gamma-ray
observations suggests that [15]
B0 & 10−19 G . (63)
Finally, as an upper bound, we will use the constraint
derived from CMB anisotropy measurements [29]:11
B0 . 10−9 G . (64)
In applying the conditions (63), (64), we assume that the
primordial magnetic field survived until present time in
the intergalactic medium where its strength were simply
rescaling from the moment of formation.
For simplicity, assume that the V -field of the conden-
sate represents a significant portion of dark matter,
ΩV ∼ ΩDM . (65)
Next, we estimate the time of formation of the magnetic
condensate as t¯ ∼ τV C and focus on the regime in which
the magnetic field emerges in the radiation-domination
epoch:
τV C < teq , (66)
where teq refers to the moment of matter-radiation equal-
ity. We will see that the latter assumption is consistent
with the conditions (62)–(65). By using eq. (48), the
bound (66) is rewritten as
√

M
GeV
> 10−36 . (67)
Let us start by evaluating the vector field abundance.
From eqs. (38), (56) we have
ρE(teq) ∼ ρ¯E
(
τV C
teq
)3/2
∼ 
1/4M5/2
γ2
T 3eq
M
∗3/2
P
. (68)
Requiring ΩV ∼ ρE(teq)/ργ(teq) ∼ 1, where ργ is the
radiation energy density, and plugging in numbers, we
obtain
√

γ4
(
M
GeV
)5
∼ 1036 . (69)
11 Big Bang Nucleosynthesis also provides a bound on the magnetic
field present at zBBN ∼ 109; for today’s field strength it gives
B0 . 1.5 µG [30], which is weaker than the CMB bound (64).
8Next, let us evaluate the magnetic field strength at the
moment t∗:
B∗ ∼ B¯ τV Cz
2
∗
teqz2eq
∼
√
M
γ
T 2eqz
2
∗
M∗P z2eq
, (70)
where we used eq. (57). Plugging in numbers and imple-
menting the conditions (62) and (64), we arrive at
√

γ
M
GeV
= 10−7b , (71)
where the parameter b can vary from O(1) to O(1023).
The conditions (67), (69) and (71) are consistent with
each other provided that γ > 10−29b−1.
The requirements (69), (71) fix two out of the three pa-
rameters of the solution. It is convenient to rewrite them
as one condition on the mass and the coupling constant:
1
γ3
(
M
GeV
)4
= 1043b−1 . (72)
For example, let us take the lower bound (62) on the
magnetic field strength, b = 1, and M = 1KeV. Then we
have γ ∼ 10−23. Increasing the magnetic fields at a given
M amounts to decreasing γ. We conclude that our mech-
anism allows one to probe very small values of the cou-
pling constant. This follows from the non-perturbative
nature of the condensates which results in the inverse
dependence of their magnitudes on γ. Note that the oc-
cupation number of V -particles in the condensate can be
very small at the values of M above the ones character-
istic for fuzzy dark matter. This does not prevent the
configuration from being coherent and described by the
solution of classical equations of motion, as soon as γ is
small enough (see, e.g., [31]).12 At the given values of b
and M , one also obtains  ∼ 10−47 and Λ ∼ 100 TeV.
The magnetic condensate emerges when the Universe is
τV C ≈ 1.5 days old. Finally, from eq. (58) we deduce the
correlation length of the magnetic field `corr(t∗) ≈ 3 kpc.
Let us comment on the assumption (66) we made in de-
riving eq. (72). The late-time formation of the magnetic
condensate is also possible, but we find it less reliable,
since, in view of eq. (48), it would lead to much smaller
values of γ than in the example above. As a result, un-
less M is carefully tuned, this would make the cutoff Λ
exceed the Planck scale.
In fig. 2 we summarize the above analysis and plot the
window of admissible values of M and γ. The two bench-
mark lines correspond to the magnetic field strength sat-
urating the bounds (62) and (63). Note again that we
work under the condition that most of the dark mat-
ter is condensed in the coherent homogeneous config-
uration. Relaxing this condition or allowing for other
12 The occupation number is large at the time tinit of formation of
the non-magnetic condensate provided that ρE,init ∼ Λ4.
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FIG. 2. The range of admissible values of M and γ, con-
strained by the CMB bound (64) from the top (see also foot-
note 10), by the requirement of the condensate to be non-
relativistic from the right, and by the assumption that the
magnetic condensate forms in the radiation-domination epoch
from the bottom. The dashed lines enclose the region of cut-
off values from the scale O(1) MeV to the typical inflationary
scale O(1015) GeV. The lower solid line corresponds to the
magnetic field strength B∗ ∼ 10−30 G at z∗ ∼ 10, the upper
solid line corresponds to today’s strength B0 ∼ 10−19 G. We
work under the condition (65).
sources of cosmological magnetic fields enhances the al-
lowable region of parameters. It is also interesting to note
that the bound (19), which is applicable for the symmet-
ric dark matter, probes an entirely different parameter
range. Same is true for the constraints from dispersion
measure observations which are typical for millicharged
particles. Indeed, adopting the results of Ref. [32], we
obtain
1
γ
M
GeV
& 0.1
√
ρE
0.3 GeV/cm3
. (73)
Clearly, this does not interfere with eq. (67) or (72).
V. CONCLUSION
In this paper we introduced an extension of the Stan-
dard Model by a complex massive vector field Vµ with
a global U(1)-invariance. The model features the di-
rect coupling (6) between the vector and photon fields,
which allows us to treat V -particles as feebly interact-
ing magnetic dipoles. We studied classical homogeneous
solutions arising in the model and discussed their cos-
mological implications. The solutions represent conden-
sates of V -particles; some of them support internal mag-
netic field. We presented a proof of concept that such a
condensate can simultaneously account for dark matter
and a possible cosmological magnetic field. The vector-
photon interaction opens new possibilities for observa-
tional tests involving large magnetic fields, e.g., in mag-
netars.
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Appendix A: Evolution of condensates in the FRW
metric
It is convenient to discuss homogeneous solutions aris-
ing in the theory (5) in the conformal time:
ds2 = a(η)2(dη2 − dl2) . (A1)
The equation of motion for the vector field with the in-
duced self-interaction becomes (cf. eq. (14))
ηµρ∂µVρν +M
2a(η)2Vν − γ2ηρσWνρVσ = 0 . (A2)
Consider first the non-magnetic condensate. We take the
following Ansatz:
V1 = V2 = v(η)e
−iΩ(η) (A3)
and V0 = V3 = 0. Here v and Ω are real functions of the
conformal time. Separating real and imaginary compo-
nents gives
v¨ − vΩ˙2 + vM2a2 = 0 , Ω¨v + 2Ω˙v˙ = 0 , (A4)
where dot means derivative with respect to η. The second
equation can be integrated to yield
v = v∗(Ω˙)−1/2 . (A5)
Plugging this to the first equation gives
− 1
2
...
ΩΩ˙ +
3
4
Ω¨2 − Ω˙4 +M2a2Ω˙2 = 0 . (A6)
In the regime M  H, let us neglect the first two terms
of eq. (A6). Then, the approximate solution is
Ω˙ = Ma , (A7)
and from eqs. (A3), (A5) and (A7) we have
V1,2(t) = v∗
√
a∗
a(t)
e−iMt , (A8)
which reproduces eq. (51).
Let us check the approximation we made in neglecting
the first two terms in eq. (A6). Requiring Ω¨2  Ω˙4 is
equivalent to H  M , and the condition |...ΩΩ˙|  Ω˙4 is
the same as |dH/dt|  M2. Thus, the solution (A8) is
accurate in the post-inflationary Universe.
Consider now the magnetic condensate. For concrete-
ness, choose the Ansatz
V1 = v(η)e
−iΩ(η) , V2 = iV1 (A9)
and V0 = V3 = 0. The second of eqs. (A4) remains
unchanged and the first modifies to
v¨ − vΩ˙2 + vM2a2 − 2v3γ2 = 0 . (A10)
The relation (A5) between the magnitude and phase
stays the same; plugging it to eq. (A10) gives
− 1
2
...
ΩΩ˙ +
3
4
Ω¨2 − Ω˙4 +M2a2Ω˙2 − 2γ2v2∗Ω˙ = 0 . (A11)
Let us neglect the first two terms in eq. (A11). Make the
following substitution for Ω˙:
Ω˙ = aω = aM
(
1− 
2
)
,  1 . (A12)
Plugging this to eq. (A11) yields
v2∗ =
a3M3
2γ2
. (A13)
Since v∗ must be independent of η, we have
 = ∗
a3∗
a3
. (A14)
This means that as the condensate evolves, its angular
velocity is pushed towards the non-relativistic limit ω ≈
M in the FRW background. From eq. (A12) we have
e−iΩ = e−iMte
iM∗
2
∫ a3∗dt
a(t)3 . (A15)
When   1, a∗  a, we can neglect the second phase
in this expression. Thus, we arrive at
V1(t) = V1∗
√
a∗
a(t)
e−iMt , V2(t) = iV1(t) . (A16)
This matches eqs. (54), (55) in the non-relativistic limit.
The approximation we made in neglecting the first two
terms in eq. (A11) is valid as long as
|Ω¨|  |Ω˙|2 ⇒ |a˙ω|  a2ω2 ,
|aω˙|  a2ω2 ⇒ H  aM , H  aM . (A17)
If we take a > a∗ ≡ a¯ with a¯ the moment of formation
of the magnetic condensate, then these conditions are
automatically satisfied.
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